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NOMENCLATURE 

English 
Letters 

A Area 

e B a s e of t h e n a t u r a l l o g a r i t h m s 

f C o m p l e x p o t e n t i a l func t ion 

H M a g n e t i c f i e ld i n t e n s i t y 

i E l e c t r i c c u r r e n t 

i j C u r r e n t e n c l o s e d by the i n n e r s t r eaml ine 
of a t u b e of f low 

IQ C u r r e n t e n c l o s e d b y the o u t e r s t r eaml ine 
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IQJ, C u r r e n t w i t h i n a t u b e of flow 
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K i , K 2 , k A r b i t r a r y c o n s t a n t s 

R e [ ] R e a l p a r t of [ ] 

r R a d i u s in p o l a r c o o r d i n a t e s 

Ti P i c k u p c o i l r a d i u s 

U , V S o m e p h y s i c a l q u a n t i t i e s 

V C h a r g e v e l o c i t y 

X R e a l p a r t of z 

y I m a g i n a r y p a r t of z 

z C o m p l e x v a r i a b l e in d i s t a n c e uniti 

G r e e k 

L e t t e r s 

I 

Centerline direction from aperture to 

pickup coil relative to tube axis 

Angular half-spread of aperture and 

pickup coil overlap 

Angle in polar coordinates 

Permeability 

Volume charge density 

Scalar potential function 

Stream function 

Subscripts 

r Radial component 

6 Tangential component 

X X-axis component 

y y-axis component 

z z-axis component 

Special 
Marks 

Vector quantity 

Unit vector 

Vector del operator 

Complex conjugate 





APERTURE CURRENTS AND PROBE RESPONSES 
FROM ELECTROMAGNETIC TESTS 

by 

Cyrus W. Cox 

ABSTRACT 

A mathematical validation is presented for r ep re ­
senting aper tures and defects in conductors as current 
sources when excited by massive externally pulsed fields. 
The current distribution contributed by a cylindrical void in 
a conductor is derived, and the result is used to approximate 
the flux that links a pickup coil, the r im of which passes over 
an aper ture . The concept of defect current is used to est i­
mate the form of the response of a scanning mask-aper ture 
probe passing over a defect. 

INTRODUCTION 

Predict ing the behavior of mask-aper ture- type probes, for pulsed 
electromagnetic systenns, at the design stage continues to depend pr imar i ly 
on ennpirical " t ry-and-see" methods that use the intuition of experienced 
designers . P r ec i s e mathematical descriptions of the processes involved 
are as yet incomplete, though pronnising work is in p rogress . 

The complicated boundary conditions and the complex field geome­
t r ies inherent to these probes present fornnidable problems for the analyst. 
It is difficult to achieve solutions that are sufficiently general to guide the 
designer toward innproved designs. Analyses that attempt to verify the 
observed behavior of an empirically designed probe continue to be based 
on hindsight. Thus each analysis is for a special case and of little help in 
improving designs. 

This report attempts to broaden the designer 's visualization of the 
process . A previous report discussed the diffusion of currents in mask 
and sample from a lumped-parameter approach based on plane-wave anal­
ysis , and provided the designer with a qualitative circuit-l ike description 
of the p rocess . Lately, it has become customary and useful for the de­
signer to regard the perturbations due to defects as arising from "defect 
cu r ren t s" induced into field geometries that were otherwise relatively uni­
form in the wall. An objective of this report is to provide an analytical basis 
for this useful concept, and its effect on the signals from scanning probes is 
discussed. The resul ts provide a qualitative glimpse of a complex process . 



CURRENT FLOW AROUND AN APERTURE 

In a m e t a l , w h i c h i s c h a r g e n e u t r a l , t h e c o n t i n u i t y e q u a t i o n f o r c u r ­

r e n t i s 

V • J = 7 - (pv) = 0, (1) 

w h e r e J a n d v a r e t h e c u r r e n t - d e n s i t y a n d c h a r g e - v e l o c i t y v e c t o r s , a n d 

p i s t h e v o l u m e c h a r g e d e n s i t y . T h e c u r r e n t d e n s i t y c a n b e c o n s i d e r e d t h e 

g r a d i e n t of s o m e s c a l a r p o t e n t i a l , i . e . , 

T = Vtp. (2 ) 

s i n c e cp s a t i s f i e s t h e L a p l a c i a n 

V ĉp = 0 . (3) 

A s s u m e t h a t tp i s i n d e p e n d e n t of o n e of t h e t h r e e s p a c e c o o r d i n a t e s 
s o t h a t i t c a n b e e x p r e s s e d a s 

cp = tp (x ,y ) . (4) 

U s i n g c o m p l e x v a r i a b l e t h e o r y , s u c h c a s e s c a n b e h a n d l e d c o n v e n ­

i e n t l y b y d e f i n i n g a c o m p l e x c u r r e n t ( o r c h a r g e v e l o c i t y ) p o t e n t i a l t h a t h a s 

cp a s i t s r e a l p a r t . W h e n t h e c o m p l e x v a r i a b l e i s 

z = X -t j y , (5) 

t h e c o m p l e x p o t e n t i a l i s 

f ( z ) = cp(x,y) + j \ | i ( x ,y ) , (6) 

If t h e a b o v e i s a n a l y t i c , t h e f o l l o w i n g C a u c h y - R i e m a n n c o n d i t i o n s h o l d : 

Sep _ 3i|i 

a n d 

Sep _ a\|i 

l y " " S ^ - (8) 

F r o m t h e s e e q u a t i o n s i t i s c l e a r t h a t 

3 ĉp 3^ili 

V 



and 

4 - T + | - ^ = V • yep = Re[v(Vcp)*] = V̂cp = 0, (9) 
ox^ dy^ 

Here we have used the fact that when two-dimensional vectors are r ep re ­
sented by complex numbers , the inner (or dot) product of the two vectors 

U = U^ + jUy and V = V^ + jV^ 

is 

U • V = Re[UV*] = U^Vx + UyVy, 

where the as te r i sk indicates the conjugate. 

The Cauchy-Riemann conditions show that 

Vtp • Vi|t = j " . Vi|i = 0 . (10) 

This means that the lines of constant i|t and constant cp a re mutually orthog­
onal; thus the constant \|i lines are streannlines for the current flow. 

The flow of current around a nonconducting void or intrusion can be 
considered laminar , or nonturbulent, flow. The "fluid" in the flow is in­
compressible, because charge density in a conductor does not change with 
t ime. Such flow around a cylindrical obstruction can be described by a 
potential function that is well known^ and that provides the jumpoff ma­
terial for the following development. 

Assume z to be a point in the complex plane representing distance 
normalized with respect to some convenient base distance. Then 

z = X + jy = reJ^, (U) 

and we can define the complex current potential as 

f(,) -_ j ^ ( , + 1 ) 

= (x,y) + j(x,y). (12) 
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The C a u c h y - R i e m a n n condi t ions a r e s a t i s f i ed b e c a u s e 

acp 
ax 

acp 
ay 

a* 
az - ''° 

acp 
3x , 

2 2 

(x' + y ' ) . 

-2Joxy 

2 , 2i2 
x + y ) 

(13) 

and cp(x,y) is a val id c u r r e n t po t en t i a l . The c u r r e n t d e n s i t y i s 

V9 l ^ ^ j | ^ = J t x ^ l J ax ay H y 

(x^ + y^) 
J 

(x^ + y ' ) ' 
(14) 

F o r d i s t a n c e s far f rom the o r ig in , w h e r e z is l a r g e , the c u r r e n t d e n s i t y 
thus defined a p p r o a c h e s J^ . Tha t i s . 

J Q -I- jO as r |x + j y | 0. (15) 

Any s t r e a m l i n e (;|i = cons tan t ) can be c o n s i d e r e d a b o u n d a r y be tween 
two r e g i o n s , one a nonconduct ing r eg ion o b s t r u c t i n g the c u r r e n t flow and the 
o t h e r fil led w^ith s t r e a m l i n e s r e p r e s e n t i n g flow a round the o b s t r u c t i o n . Con­
s i d e r the unit c i r c l e , w h e r e 

.J t cos 9 4- J sin 9. 

On th i s c i r c l e 

f(z) J „ | c o s 9 + i s in 9 + 
° \ ^ COS + j sin 

= J Q ( C O S 9 4- j sm 6 -I- cos 9 - j sin 9) 

= 2J^ cos 9 + jO. 

Thus the uni t c i r c l e r e p r e s e n t s the s t r e a m l i n e \|i = 0, and the i n s i d e of the 
c i r c l e can be c o n s i d e r e d a nonconduct ing r eg ion . The s t r e a m l i n e s o u t s i d e 
the uni t c i r c l e can be c o n s i d e r e d a s the flow a r o u n d a c y l i n d r i c a l n o n c o n ­
duct ing r eg ion within a conductor that would o t h e r w i s e be s u p p o r t i n g the 
u n i f o r m conduct ion. Equa t ion 15 i n d i c a t e s t h i s conduc t ion would be of 
dens i ty Ĵ ^ in the pos i t i ve x d i r e c t i o n , wh ich is i l l u s t r a t e d in F i g . 1. 
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Fig. 1 

Current Flow around a Circular 
Aperture. Neg.No.MSD-55159. 

A P E R T U R E C U R R E N T S DISTURBING UNIFORM F L O W 

The c u r r e n t d i s t r i b u t i o n a r o u n d the a p e r t u r e in F i g . 1 nnay be con­
s i d e r e d the s u p e r p o s i t i o n of two s e p a r a t e d i s t r i b u t i o n s , one the o r i g i n a l 
u n i f o r m flow J Q + jO, the o the r a hypo the t i ca l flow J due to the a p e r t u r e . 
T h u s the flow in F i g . 1 and in E q . 14 is 

and the flow o u t s i d e the a p e r t u r e due to the a p e r t u r e i s , by Eq . 14, 

J = J t 

- J „ ( X ^ - y^) 2jQxy 

; — -i r 
/ 2 , 2 ,2 < 2 , 2 r 
(x + y ) ( X + y ) 

X - y -t j2xy 

(x - y ) 

(x + jy) ' 

(x^ + y' ) ' 

r > 1. (16) 

The flow i n s i d e the a p e r t u r e due to the a p e r t u r e m u s t j u s t c ance l the o r i g ­
inal flow. T h e r e f o r e , the c o m p l e t e e x p r e s s i o n for " a p e r t u r e - p r o d u c e d " 
c u r r e n t is 

' - J „ + jO, 0 < r < 1 o '' 

Jo j f 
(17) 

1 < r < 
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The v e c t o r i n c r e m e n t of a r e a on a r a d i u s p l ane in the c y l i n d r i c a l 
c o o r d i n a t e s p e r unit length of cy l inde r is 

dA = - j r e J ^ = (sin 9 - j cos 9) d r , 

and the i n c r e m e n t a l c u r r e n t th rough the r a d i u s p l ane is 

di = j " - dA = Re[j"(dA)*]. 

Ins ide the uni t cy l i nde r , th is i n c r e m e n t b e c o m e s 

di = Re[ - jQ(s in 9 + j cos 9) d r ] 

= ( - J Q sin 9) d r . 

Outs ide the unit cy l inde r . 

di = R e U ^ e J 2 e ( + j e - J ® ) d r j 

{-jl°eJe,̂ ] = R e 

( 1 8 ) 

(19) 

—- sin 6 d r . 

S u m m a r i z i n g , 

' - J sin 9 d r , 0 < r < 1 

d i =•( 

—— sin 9 d r , 1 < r < 
T.2 

(20) 

R e f e r n o w to F i g . 2 f r o m E q . 2 0 , 

4 = / ( - J o s i n y ) d r = - J Q ( 1 . s i n 9 ) , ( 2 1 ) 
•̂  s i n fl ' 

Fig. 2. Division of Aperture Currents. 
Neg. No. MSD-55154. a n d 

^or = / — ^i" e dp = -J 
Jl p o(4-') (22) 
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The total current i^ flowing between the point P and the s t reamline 
t = k, in t e rms of an a rb i t ra ry point on i|( = k, is 

io = ior - ii = - J o ( 7 " l) sin 6 + Jo(l - sin 9) 

= - J o ( i - T "^ ' ^^ ) - (23) 

Let 

Then 

and 

1 
k = 1 

sin 9 

s m (24) 

1 - k ' 

The flow line on which i^ = k j^ is defined by 

sin 9 j9 

j 2 ( l - k ) ' % 

This is the equation of a circle with 

j 
center at z 2(1 - k ) ' 

and 

1 
radius = 2 ( 1 . k)- (26) 

The c i rc les of constant ^ will all be tangent to the x axis if extended 
within the unit c ircle (where they are not valid). It should be noted that the 
normalizing distance is the radius of the cylinder in lineal units. If this 
radius shrinks to zero (a point aperture) , then the circles do approach the 
point of tangency at the origin, and we have a true current dipole. 



1 4 

Fig. 3. Aperture-current Distribution, 
Neg. No. MSD-55155, 

a n d 

The de fec t c u r r e n t d i s t r i b u ­
t i o n s , p lo t ted for 

k = O.ln, n = 1, 2 10, 

a r e shown in F i g . 3, w h e r e x and y 
a r e r e a l - d i m e n s i o n e d q u a n t i t i e s , and 
r i s the r a d i u s of the a p e r t u r e . 
The amoun t of c u r r e n t f lowing b e ­
tween each p a i r of flow l i n e s ( cy l ­
i n d e r s ) i s equal to o n e - t e n t h the 
total c u r r e n t t h r o u g h the a p e r t u r e . 

Equa t ion 17 m a y be changed 
to convent iona l c y l i n d r i c a l c o o r d i ­
n a t e s by not ing that the x - y p l a n e 
uni t v e c t o r s in tha t s y s t e m m a y be 
e x p r e s s e d a s 

=Jt je-' 

Thus 

1 = (cos 9)eJ^ - j ( s i n 9)e+J^ 

= (cos e)r - (sin 9)9, 

e-)̂ *̂  = (cos e + j sin 9)eJ^ = (cos 9)f + (sin 

Equa t ion 17 in cy l i nd r i ca l c o o r d i n a t e s is then 

J = < 

- ( JQ cos 8)9 -I- ( JQ sin 9)9, 0 < | r | < 1 

1 < r < 

= J j . ( r , e )? + jQ( r ,9 )9 , 

Along the infinite p l ane , 9 = c o n s t a n t = +TT 

jQr sin 9, 

H^( r , e ) = - / j Q ( r , 9 ) d r ={ 

J -00 

which is p lot ted in F i g . 4. 

r < 1 

1 < r < •», 

(27) 

(28) 
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Fig, 4, Variation in Field Strength across a Cylindrical Aperture. Neg. No. MSD-55157. 

P I C K U P - C O I L RESPONSE TO A P E R T U R E C U R R E N T 

With J Q to the r i gh t , a s shown in F i g . 5, E q . 28 b e c o m e s 

' j Q r s in 9, r < 1 

Hz =< (29) 

s in U, r < 1. 

T h u s t he flux tha t l i nks the p i ckup coil i s 

9 = / A ^ z dA. 

If t he s m a l l a r e a b e t w e e n the l i n e s at 6 = Q- ± B and tha t p a r t of the p ickup 
coi l o v e r the a p e r t u r e a r e n e g l e c t e d , t h i s b e c o m e s 

cp = ^iJo 

= ^^Jo 

I ; (r s in 9) d r d r 9 + I / ( - s in 9 J d r dr 

/.ff-t-p /-Q 

- / s in 9 d r 9 + / 

Ja-S •'0^-

,a+P /•o'+P 
s in 9 d r 9 + / TQ s in 9 d r 

F r o m the g e o m e t r y in F i g . 5, 

r - = 2 r j cos (a - 6). 

(30) 

(31) 
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Substituting for rg 
resul ts in 

rfi in Eq. 30 and applying some tr igonometric identities 

cp = M,jQ[ri(23 + sin2P) - j ] s i n a , (^2) 

and 

cos P = 
2r , 

r, > 1. 
(33) 

PICKUP COIL 

Fig. 5 

Geometry of a Circular Pickup Coil 
over a Cylindrical Aperture. Neg. 
No. MSD-55153. 

Since r , and, t h e r e f o r e , P a r e d e s i g n p a r a m e t e r s for a given con­
f igura t ion of pickup and a p e r t u r e , the flux that l inks the p i ckup coil i s p r o ­
po r t i ona l to the dens i ty of the m a s k c u r r e n t and the s ine of i t s d i r e c t i o n 
r e l a t i v e to the l ine connect ing the c e n t e r s of the a p e r t u r e and co i l . T h a t i s , 

(34) 

THE MULTIAPERTURE PROBE 

As can be seen from Fig. 6, the probe and the tube under test p r e ­
sent an electromagnetic problem with troublesome boundary conditions. 
The encircling exciting coil is driven by a massive current pulse that p ro­
duces an intense and rapidly changing magnetic field. Initially, surface 
currents are induced in those portions of the mask and tube neares t the ex­
citing coil, and these currents produce fields in opposition to those of the 
exciting coil. The induced surface currents diffuse, with the passage of 
time, along the metal away from the exciting coil. The rate of diffusion 
depends on the conductivity of the metal , the presence of defects, and nearby 
currents in other conducting members . 

Figure 6a, on the left, shows a possible distribution of currents in 
mask and tube that results from an exciting current pulse when no defect 
is present . The high conductivity of the copper mask causes the currents 
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to diffuse slowly, which permi ts them to remain concentrated near the ex­
citing coil for a relatively long t ime. The currents in the lower-conductivity 
tube diffuse more rapidly and are distributed further away from the exciting 
current . The tube current inhibits magnetic-flux penetration of the surface 
of the copper mask in the aper ture region; consequently, l i t t le surface cur­
rent is induced. The right-hand sketch in Fig. 6a shows the current flow 
lines with no aper ture present . The high current density near the exciting 
coil is charac te r i s t ic . It is significant that in this case the flow lines are 
circumferential ly oriented, without axial components to their direction. 

' " ^ : ^ S ^ 
COPPER MASK : ^. ;.̂  (SS^i 

EXCITING COIL r 
T 

EXCITING COIL T 

L - f - f - t - - f - f - f - f ~V 

r 1 
(0) 

SECTION A-A 

® 

® 

(b) 

i 1+ + * * * (c) 
1 - DEFECT 

J ! PICKUP f ^ ^ 
1 COIL ' 

Fig. 6. Approximate Effect of a Nonconducting Cylindrical Void on Mask-
current Distributions in a Mask-aperture Probe. Neg. No. MSD-55158. 

F i g u r e 6b shows the effect of a de fec t n e a r the exc i t ing co i l . The 
a b s e n c e of tube c u r r e n t a t t he defec t a l lows the p e n e t r a t i o n of an add i t iona l 
p o r t i o n of the m a s k by m a g n e t i c flux wi th a r e s u l t a n t inducing of c u r r e n t s 
in the m a s k f u r t h e r away f r o m the exc i t ing c u r r e n t . I n a s m u c h a s the to ta l 
induced c u r r e n t r e m a i n s e s s e n t i a l l y unchanged , the flow l i n e s a r e d i v e r g i n g 
in the n e i g h b o r h o o d of the defec t , a s shown in the r i g h t - h a n d p a r t of the 
f i g u r e . Def in i t e ax ia l c o m p o n e n t s to the f low- l ine d i r e c t i o n s a p p e a r to the 
r i g h t and left of the defec t . 

F i g u r e 6c r e p r e s e n t s an e s t i m a t e of the effect of the defec t mov ing 
out of the conduc t i ng r e g i o n s . The d i s t u r b a n c e should now be s m a l l , excep t 
p o s s i b l y for s o m e s l igh t c o n v e r g e n c e of flow l i n e s a s shown. 

In the f i g u r e , the ax ia l l i n e s 1, 2, and 3 on the m a s k r e p r e s e n t p o s ­
s i b l e a p e r t u r e l o c a t i o n s r e l a t i v e to the flow. Along l ine 1, the m o v i n g defec t 
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causes the mask current to flow at a changing angle a with respect to the 
line between aperture and pickup-coil centers , and some change m ^P^^^^^^-
location flux density is caused. Application of Eq. 34 to the current fields 
in the figure, using the approximation of uniform no-aper ture current d is ­

tribution in the directions indicated by a^, a^. 
and a , will yield aperture flux variat ions sim­
ilar to those of Fig, 7, 

Distributions along aper ture lines 1 and 
2 are negative to one another and somewhat dif­
ferent in shape. If a second pickup coil is in­
stalled alongside the first (tangent to the first 
coil at the aperture center), the effects of the 
two coils may be superposed to produce anti­
symmetry about the defect line (line 2). In any 
case, line 2 provides a null; no defect indication 
will be produced. This "dead spot" in the mask-
aperture probe must somehow be accounted for 
in the testing routine. 

*t 

* t 

APERTURE LIN£ 1 

APERTURE LINE 2 

APERTURE LINE 3 

CONCLUSIONS 

Fig. 7, Approximate Pickup-coil 
Flux-linkage Variations in 
Fig, 6. Neg.No.MSD-S5156. 

The a n a l y s i s p r e s e n t e d only s u g g e s t s the 
n a t u r e of the p r o c e s s . Much m o r e n e e d s to be 
done be fo re the p i c t u r e i s c o m p l e t e . 

The c lose coupling a s s u m e d between the a p e r t u r e and the p i ckup 
coil is at odds with the r e a l n a t u r e of the p r o b e . O the r r e s e a r c h e r s a r e at 
work on the p r o b l e m of eva lua t ing the r e a l f ields off the s u r f a c e of the 
mask ,* and the success fu l cu lmina t ion of such e f for t s wi l l y ie ld a q u a n t i ­
t a t ive r e p l a c e m e n t for the qua l i t a t ive r e s u l t s d i s c u s s e d in the p r e s e n t 
r e p o r t . 

The obvious fact that de fec t s a r e not dependab ly c y l i n d r i c a l , a s 
a s s u m e d h e r e , should be pointed out. H o w e v e r , the p o s s i b i l i t y e x i s t s tha t 
such p r i m i t i v e conf igu ra t ions , p e r h a p s i n f i n i t e s i m a l in s i z e , m a y be u s e d 
to build up the effects of m o r e c o m p l i c a t e d d e f e c t s , such a s c r a c k s of finite 
l eng ths . T h e r e have been field c a l c u l a t i o n s b a s e d on m a g n e t i c d i p o l e s , the 
equal and oppos i te m a g n e t i c po l e s of which have been a s s u m e d d i s t r i b u t e d 
on the opposing wa l l s of a defect , i , e , , a c rack .^ A s i m i l a r a n a l y s i s b a s e d 
on c u r r e n t d ipo les , f o r m e d as s u g g e s t e d wi thin th i s r e p o r t , m i g h t p r o v i d e 
useful r e s u l t s . 
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